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Introduction

AL BEBGTEOL TP A K Z e B FAOTARIEEGE AT, o Sl 2 2 p 107 Al e BEAIRA%
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1.1 2 SFEJ5M

A 1.1 (B OF 5 HE B
—NFEH D TARTAANFFHZ A, AL p=1 (mod 4).

Q

WG, XA EE R BT (AETERYE) . XA EHUEIATIRE , 2o 35 3 PR R0 IE WL PR
Ko RSB RISIED]
W 30 € Z# R a® = —1(mod p). FEH M as+t 8 (LB + 1)  MNEH L0 <5, < /st €Z. RIEH
FRIE, AW NEE p A&, & as1+t1 = asy+1ta (mod p). B =51 —so|,y=[t1 —ta| , M 1 <2,y < |/D)
,Ha?2?=9?(mod p), TR 22 +y?>=0(mod p). T 2 < 2% +y? SQL\/ﬁf <2,% 2?4+’ =0p.

F—ill, BRI LR — ey EilE (infinite descent) 1id . SHSCIX—idAe, FATSGUERA—4 5 3

R N TABRAN ZFEHGFFRNHX, ¢ R NH—AFRT, AFCELTABER ¢ = 2 +y°
MR, W T ATAS R ZE E A A X

WL RN =a?+0%, EF (a.b)=1. BT qg=2+y’ Hq|N, TE
q| 22N —a?q = 2%(a® + 1) — a*(2® + 9°) = (b + ay)(bz — ay)
BT gm—1EK, AHRq|br—ay, TETRK
bx —ay = dq
x| (a+dy)y = ay + dy* = bx — dg + dy* = x(b — xd)
HayREZM, TE
x|a+dy

La+dy=cx, N
br = ay + d(z* +y*) = y(a + dy) + da* = cxy + da?, b= cy+ dx.

a = cr — dy,
b=dx+ cy.
N =a?+b* = (cx — dy)* + (cy + dz)?* = (2 + d*)(2® + y?) = q(* + d°).

FRYTUSAAARKNFAFUHR. BT (@b)=1, T2 (d)=1. BRRNAEAT Y TUERA
INEY S CES LT T2

i

SEAL 1.2 (B E 5 A )
—AFEH P TARTABNFF B2 A0, BERE p=1 (mod 4).




1.1 —FHHF=

HEW]
BpAN=+P H—NEET. o, bxpHATHRRE, &

a=mp+a, b=npt¥
G p|la?+0% BT 5V THARLRY, TERBBRUECNERALAES = (a,V), BHhptd, TZ
a\ 2 by 2
n1(%) +(5)
B AT 45— TR Jaf < 5, (0] < 5.
T
p?

N:a2+b2<§

HibpENRAWN—NEET. BEgANFTpH— P RETERSERWNMERFF g HK, W e 5 HE
L#MNTo T ETUGREEEBNF TR, wRAT NHFART p WERBETHRYE T RAMNERTF
Fp R, WABARGIE L RNTop S RANEEF T K.

BRp RETRANERF AN, Wi LRGN ATRLFEN HRXET q<pEH LR ETRE
NMERFFH R XRFHT — &R ERNFRLITH {0}, ENBEEERKRNMERF TR, X
BIRTFE

TRETRENAFTREN FLBEERARNERERG F AL EEp WES, RTURY p %5 K
WANERWGFF A2’ + > HHRT .

BT p=1(mod4), TRIWp=4k+1, HHL N EEm:

(% + 1)@ —1) =2 —1=0 (mod p)

TREMEREL M o EH 2> 1720 (mod p) (XETUME, BA «* -1 £ LZ/pL ¥ ESH 2k < p—1
M), TR

pla® +1
A
N=z%+1

RHERMNBRE T HREKRN N, WHIEAT HLFH e,

KR 2% + ny? RN T 7
RAVFIABIEAERFS (2), Heba B—REG p A RE, HRESUIF:
0 pla
(%) =81 ptaHahp B WA,
-1 pfaHa Rhp MRFE4.
BOREFR AT T DAE S R A5 LG 22 + ny? B9 R0 R 5
8 1.3




1.1 —FFFe

En A —ANERER, mpA-—ANFEHRLTESR R, N

phf+nf,@w%:1©<;?>=l (1.1)

XHFREGE, WA F, VRIS W IR R
SEM: Fa?+ny?=0 (modp) H (z,y) =1, TEZp A RFERy, TNEEE p KL,y HARETF.
TREEY € ZER

*

y'y=1 (mod p),

3
((zy*)? +n(y*y)* = (zy")* +n =0 (mod p)

Bt —n A p B Z %R &R. T£

gtk #(2) =1, WkkoeZ, #H
24 n=0 (mod p)
A4 y=1, miE xR K.
?m§ﬁﬂ@,ﬁﬁ@%%ﬁ%%iﬂ+nﬁ%ﬂ?ﬁﬁ%ﬁ@%%ﬂk“@m@~~®®®ﬂﬂu
ety (52) =17,

T EIRATT DAL I :
PR FRA TP AR 5 p 5 ¢ AAFEBARE, W
(Z) —lop=+8 (mod 4q) (1.2)
T HRELERFHL B BT

P2 b, X ARV Ll B R R R AR

Bk p L5 g h AR ER, NER (12) XENF
»\ [q (=1)(a=1)
p 9\ _ (4 ) 1.3
(5) () - -

Apt=(-1)'Tp, MENHWTH LR

-1 p—1 ab a é
( P > =0 <p> h <p> (p>
FRERE LHEERTHE

()= (S272) = ()7 (1) - e (2)



1.2 = FF5 %=

TREMNAFIEH i}
(%) =lep=+p° (mod 4q) (1.4
Ho B oA F

i (1.4) fORAZUENI, XFEFATHOEN T (1.2) g B mE R (1.3) Xm—P s e,

1.2 =5

SO R A g R Bz A R s . bean, PO AT AT DA R R B AR RS 5 AR
HOALEE T =S R ) %A AR TR BR k) Iz i BB HEZL S . AT — @ BRI = 5 FI s
BRI . Serre 7E gtm7 H ] IR ZUHLS A T X AMIERH .

£ 1.6 (Legendre 1798)

SEEH N REERT R ET Aot LR SR, n TTART A 49(8b+T) 04T, ¥ a,b AEZIER %i‘ai

HEW] S HEEER 2 H
2? = 0,1 H4(mod 8).

i, EZELR v, 20,03 bH
x? + 23 + 23 # T(mod 8).
Bk Y, n BB Sk + 7 W EERE NG R A = NERWNFF o
FEY a=00mL BEEEL a=1(120) BKL Ya=1+1H,
FEHn =478k +7) TRTH
n =48k +7) = 2? + 22 + 22,
67 @ + @ + 2§ = 0 % 4(mod 8), H 774
1 = a9 = x3 = 0(mod 2).
BT AR
41 (8k1 +7) = (21/2)% + (22/2)* + (23/2)°.
XA B NEETFE, TR a=1+1 40
gz fonm iy A, NBCAHNIEAARR, RAEEVIPE, oLl Pl pi4 Lemma K5 2, it 2400
VL. VR4l WFH >R, K H GTM164 k&g

If n is a positive integer and n = 2 ( mod 4) , then n can be represented as the sum of three squares. v
SIE 1.3
If n is a positive integer such that n = 1,3, or 5 (mod 8), then n can be represented as the sum of three squares. ©
sE£H 1.7 (Gauss)
A positive integer N can be represented as the sum of three squares if and only if /V is not of the form
N=4*8k+7).
(8% +7) .

L W E T R R R TR ALy ‘w7 RREL R 0T 8keT MRy EHA LT 54 (Dirichlet

theorem)



1.3 w-F7 Fu

1.3 JUF-J5 M

EHL 1.8
FEA BRI T R A ARy F 5 Ao ©

WEW] XAMEA T A KR RF R, F—REREHE, AN HLE P L, TN ETEE & 2 d4iE

(@24l +ad+ad) By +yi+yl) =27+ 28+ 20+ 2,

21 = T1Y1 + Toy2 + T3Y3 + T4y4,
Z2 = T1Y2 — T2Y1 — T3Y4 + T4Ys3,
Z3 = T1Y3 — T3Y1 + T2Ys — T4Y2,

Z4 = T1Y4 — T4Y1 — T2Y3 + T3Y2.

BT 15 2HARHEEXANTE, BLARFELZRAT 2 sy EER. WX o F 587 U8 & F Bk
R, B, REZLAZTENFAMRERL, WERANLEEXRTURERLAHLH. F—RERILHA

ABEp R—NaEH. BT {®:ac{0,1,--,(p—1)/2}} EEA (p+ )2 MEME&RE, {-0*-1:
be{0,1,---,(p—1)/2}} EEHA (p+1)/2 MNFRMRSRE, EEXREpWRAKERAp N, BFEEESK
a,be {0,1,---,(p—1)/2} # R a®> = —b> -1 (mod p). HH A a®+b*+12+02=0 (mod p). 4 n € Z i
Jonp=a®+b*+1, ﬂﬂ’ﬁpﬁnpgw4r1<pzo TE, 1<n<p.

ARFEAE—DMI<n<pEB/Bmp=a®>+0+12+0> BUANEEG T Ff. TRLEFE-NDRAHEE
BomERL<m<n<p@EHEmp hUIERG T, RFEA mp = a3 + 23 + 23 + 23,

THIEHAm=1, RiE&E, BEl<m<n<pmi. 4y =z; (modm)X¥Fie{l,2,3,4} ki, 3#H
—m <y, <2 HM, yi i tyityi= (et a3+ a3+ 2d) =mp =0 (mod m). A mr =y?+y3+yi+yi.
Bk, mr<4(2)° =m2,

R r =m, BRAUNELERXB r = m ENT v = 5 AT i € {1,2,3,4) MREL. H, mp =
@ +ad+ad+al=4(2) =0 (modm?). Wi, pRm ¥k, xhpREK, m>1FF. Fill, r<m
e Bll1<r<m<n<pmiL.

BE—FH, (mp)- (mr) = (e a3 +af+ad) (v +y3 +ud +yl) =20 25 25 2], XEM 2y ElvfE
EXRETHEXW. BT yi =2 (modm) FH Zj‘:lx?z() (mod m), ik, XA i€ {1,2,3,4} F 2,=0
(mod m). FrUl, XBrA i€ {1,2,3,4} F 2z = wim, £¥ w;, € Z, B%R (mp) - (mr) = X0, 22, &(11485
pr=Y1 wi AT, BT 1<r<m, &5 m b MERRAETE .

m=13FH % & !



&5 2 % I\ Jacobi theta 23] J5 fl) 8

rx(n) = #{(n1,--- ,ng) € Z¥|n? + - +ni=n}

RO n RNk A I5 A 5 IA ) AL (%FL%"%‘) A 9 5L

o0

19(2) _ Z mwin’z _ Z q% _ e27riz)’

n=—oo n=-—oo

k
()
n=—o0
(E) (2
np=—00 nE=—00
2.0 a2
Ny, ,NEp=—00
:Zrk: 757

TR, K ri(n) MREAERL T SRAL S 19 A FIER 9(2)%(2 90 M FR 8 T

WA

M‘?S‘N)

2.1 —FJif
kE=215E, | Dedekind ¢ 1yt
CQ(\/Tl)(S) = ((s)L(s,x-1)

HITEA
=13 =13 (-1
d|n n
d: 7785 d:#F 8
HE, EPREXEN
2
> 2 & (2m—1)/2
_ n_ _ m—1 q

KA “0 eEL =Eisenstein 2440”7 W55, SLbr b, FRATA

oo 2 o0
(Z q”2/2> :1+Zr2(n)q"/2
g (Sen e

dn

=144 Z(_l)m—l Z q(2m—1)n/2

(2m 1)/2
_1+4Z 1_q(2m 1)/2°



22 WF g Fe

2.2 PUF-Jifn

£ 2.1 (Jocabi)

n) =8 Z d 2.1

44d, d|n v

e R REERER, A2 MAEMIEY, g R RS i — R AR, MBS (BT
KWIEWI AT PAZ % stein - (complex analysis) B2 S (BIEAD, 5 ThMEEZ])

5P 2.1 (jocabi = HBY)

H(l + ann 1)(1 + a—l 2n— 1)(1 _ q2n) _ § : anqnz (*) (2.2)
n=1 n—=——oo
Q@

U] ARFIE A o e —a%q, B HR g, WAERa, TH
(a—a ) [Ja-a?a-a2q)1-g") = Y (~1)"a®"1gnCH)
n=1 n=-—o00

ﬁa*‘%) ﬁé\a:]_, %EW%I&%W\ 2’ //r%z;
H(l—q”>3 :% Z (_1>n(2n+1>qn(n+1)/2

n=1 n=—oo
AL T . )
H (1-4") i Z (=1)™ 7 (2m + 1)(2n + 1)g(mimFD+n(nt1)/2
n=1 m,n=—00
1 m(m n(n mim n(n
=1 ( Z (2m+1)(2n+1)q( (m+1)+n(n+1))/2 _ Z (2m+1)(2n+1)q( (m+1)+n( +1))/2>
2|lm—n 2fm—n
EE—NFRFAS (myn)=(r+s,r—3s), BEFE_PRIAFS (m,n)=(s+rs—r—1), %
0 00
1 2
1—g")0 == 2 1)2 — (25)2) g (Tt +s
1 e , 2 r(rt1) 00 (1) o .
(S0 S e £ e
s=—o00 r=—o0 r=——o00 =0

:%<Z = <1+4q_> Z gD Z gD <4q ) Z . >
BRERAEERX ()&
H(l—q”)6=%<ﬂ(1+q2n‘l)2(1 2. <1+4q ) H1+q2” (1—g¢™)

n=1 n=1

—2ﬁ(1+q2n)2(1—q ( )]o:o[ P14 ))

n=1

0 Tl—]. 2n—1 anQn
=[[a+ 20+ - (1—82( 2n1 — 2)
n=1 1+q 1+qn




23 NF7Ae

W BRFAALHRR, #

oo 1—q" 4 0 (271 _ l)an—l anQn

=1-8 -
H<1+qn> Z( 1+q2n71 1+q2n
HEFRK () TR

0 [ o 00 o n\2
Z (71)nqn2 _ H(l o an)(l q2n71)2 _ H(l _ 27’1,) H ((1]-_ qun))Q
n=—oo n=1 n=1 n=1
A=)’ pplod
B 71;[1 1— ¢ 7}_[1 1+qgn

Wk 77 o FHAE g Bk —q, &

4
e = /(2n—1)g> 1t 2ng®™
" =1+8

- 8§: ng" 8§: ( 2ng?" 2ng>n )
— 1— qn — 1— q2n 14+ q2n
I—q I—q I—q
ne1 n=1 n>1,4n

BN (- q") BFARAE, BREAK, TAEZTRTTHR 0 %ER 8T 0 g0 d

2.3 JFJiR
s BT B SR
X 0(7)8 = > >0 Ts(n)q" € My(To(4)), Hii dime My(To(4)) = 3 Hl Eisenstein Z¢%L
By 1 .
G, = ﬁ = 500 —|—n§>:103(n)q

LURGR /L NEIEG

()% = 169,(7) — 32%4(27) + 256, (47),

o

AR 2.2
rg(n) =16y (—1)""d®.
d|




Kb A P AL Al e

WD AR Euler #| S -1 24 p T H &4, B bl Wilson #2, 578 —1 = ((52)!)° (mod p). %I

BEHaHREp|d®+ 1, ZEFEHE vi= (p,0),v2=(a,1). BRUNEMTX, HAHK L=2vi+Zvy £H

fe— K ) RER p | 0® o2 vi,va HEEATFEWABERA v Ava| = p, T A A B0, V2P A ¥

BB R 2mp > 4p, T ZARYE Minkowski & 3, X ANE i b B 7 R R BN B TH L = Zvy + Zvy A% 5

xy), EHEp|a?+y? Ha?+y? <2p, TRp=22+y2,

R B R A AR

WEW] ZRPTABR 2® +dyz = p A RBEA xy2) WA ES S, BR S R—MARE. ZEZKIES L
(x+2z,z,y—x—2),ife<y—=z

FEATHAR A (D) (2,9,2) = (v,2,9) (v,9,2) = { Qu-—z,y,z—y+2),ify—z<2<2y Fok
(r =2y, 2 —y+2z,y), ifx>2y

Q) FEE-ARFE (1,1,n),n = 200, 8 S TEMOAFTH A () FREDH AR A (yy), B

2?4+ (2y)° =p.
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If n is a positive integer and n = 2 ( mod 4) , then n can be represented as the sum of three squares.

Proof. Since (4n,n — 1) = 1, it follows from Dirichlet’ s theorem that the arithmetic progression {4nj +n — 1 :

j =1,2,...} contains infinitely many primes.

Choose j > 1 such that
p=4dnj+n—-1=04j+1)n-1
is prime. Letd’ = 45 + 1. Since n = 2 ( mod 4) , we have
p=dn—1=1(mod 4).

By Lemma 1.7, it suffices to prove that —d’ is a quadratic residue modulo p . Let

d = qui

q;ld’
where the ¢; are the distinct primes dividing d’ . Then

p=dn—-1=-1 (mod ¢)

for all 7, and

d= H (-1)" =1 (mod 4).
qild’
;=3 ( mod 4)

Therefore,
q;|d
¢;=3 ( mod 4)

By quadratic reciprocity we have

since p =1 ( mod 4), and

[
7 N
S
N———

=



1)
ald q;
1\ R
1)
wld qi

- I o

aild’
q;=3 ( mod 4)

=1.

This completes the proof.

If n is a positive integer such that n = 1,3, or 5 (mod 8), then n

can be represented as the sum of three squares.

Proof. Clearly,1 is a sum of three nonnegative squares. Let n > 2. Let

3 ifn=1(mod 8)
c=4 1 ifn=3(mod 8)
3 ifn=5(mod 8).

If n =1 or 3 (mod 8), then

cn—1

=1(mod 4).
If n = 5( mod 8), then

cn—1
2

cn—1
dn,—— | =1
(157)

By Dirichlet’ s theorem, there exists a prime number p of the form

=3(mod 4).

In all three cases,

cn—1

p=4dnj+

for some positive integer j . Let
d=8j+c.
Then

2p=8j+c)n—1=dn-1.

By Lemma 1.7, it suffices to prove that —d’ is a quadratic residue modulo 2p .

If —d’ is a quadratic residue modulo p , then there exists an integer ¢ such that



(zo+p)’+d =32+d =0 (mod p).

Let z = xq if ¢ is odd, and let x = 2 + p if x¢ is even. Then z is odd and 2 + d’ is even. Since

22 +d =0 (mod 2)

and

22 +d =0(mod p)

it follows that

22 4+d =0 (mod 2p).

Therefore, it suffices to prove that —d’ is a quadratic residue modulo p .
Let

d = qul

qild’
be the factorization of the odd integer d’ into a product of powers of distinct odd primes g; . Since
2p=—1 (mod d'),

it follows that

2p=-1 (mod ¢;)

and

(p,qi) =1

for every prime ¢; that divides d’ .
If n =1or3 (mod8), thenp =1 ( mod 4) and

)

qild’
kq
ald q;

If n=5(mod 8),then p =3 (mod 4) and d = 3 ( mod 8) . From the factorization of d’ , we obtain



d = H qfi H qfi

qild’ qild’
¢;=1( mod 4) ¢;=3 (mod 4)

[T D" (mod 4
aild’
¢;=3 ( mod 4)

= —1(mod 4)
and so
I o=-1
qild’
¢;=3 ( mod 4)

It follows from quadratic reciprocity that

1. Sums of polygons

S nGn )

asld’ aild’
¢;=1( mod 4) ¢;i=3( mod 4)

ki ki
p p k;
= - _— _— 7]_ ¢
q;|d qild , qild ,
¢i=1( mod 4) qi =314 q;=3%14

H <p> H <p>
, qi . di
q:ld q;|d
¢;=1 (mod 4) ¢;=3 (mod 4)

In both cases,




= I v I "

qld’ qild’
gi=3.5 (mod 8) gi=3.7 (mod 8)

q;|d’
¢i=5,7 (mod 8)

Therefore, —d’ is a quadratic residue modulo 2p = d'n — 1 if

Z ki =0 (mod 2).
aild’
qi=5,7 ( mod 8)

This is what we shall prove. We have

d=1la T I & II o« 1II &

qild’ qild’ aild’ qild’ qild’
qi=3 q:i=3' (mod 8) ¢;=5' (mod 8) ¢;=7" (mod 8)
= II 3 I 3" I v™ ]I (—1)’“) (mod 8)
qiE3qi‘d{i qiE5qi‘d; qiE7qi‘d{L q,;E'?qildg
= JI s* 1T (=1)* (mod 8).
aild’ qi|d’

¢:=3.5(2:148)  4,=5.7(2) (mod 8)

If n=1o0r5 (mod 8), then c = 3 and

d=8j+3=3 (mod 8).

This implies that

Z ki =1 (mod 2)
ai|d’
¢i=3,5 ( mod 8)

and

Z k; =0 (mod 2).
qi|d’
qi=5,7 ( mod 8)

If n=3(mod 8),thenc=1and

d=8j+1=1 (mod 8).

It follows that

Z ki =0 (mod 2)
qaild’
¢;=3,5 ( mod 8)

and



Z k; =0 (mod 2).
aild’
¢i=5,7 ( mod 8)

This completes the proof.

A positive integer N can be represented as the sum of three squares if and only if IV is not of the form
N=4*8k+7).
Proof. Since

22 =0,1, or4 (mod 8)

for every integer x , it follows that a sum of three squares can never be congruent to 7 modulo 8 . If the integer 4m is
the sum of three squares, then there exist integers

1,9, x3 such that
4m = 22 + 23 + 23
This is possible only if x1, z2, x3 are all even, and so
- T 2 T2 2 I3 ) 2

m_(2) +(2) +(2 '

Therefore, 4*m is the sum of three squares if and only if m is the sum of three squares. This proves that no integer
of the form 4% (8% 4 7) can be the sum of three squares.

Every positive integer N can be written uniquely in the form N = 4%mn , where m = 2 ( mod 4) orm =1,3,5, or

7 (mod 8) . By Lemma 1.8 and Lemma 1.9, the positive integer NV is the sum of three squares unless m = 7 ( mod 8) .

This completes the proof.
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